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1 Introduction 



In this paper we study coercive inequalities on finite dimensional metric 
spaces with probability measures which do not have volume doubling prop- 
erty. This class of inequalities includes the well known Poincare inequality 

M/x|/-/i/|«</i|V/r 

with some constants M G (0, cxd), q G (l,C)o) independent a function / for 
which the (metric) length of the gradient |V/| is well defined, as well as a 
variety of stronger coercive inequalities with the variance on the left hand 
side replaced by a functional with a stronger growth, as for example in case 
of celebrated Log - Sobolev inequality which is of the following form 

/i/'log^<c/x|V/|2 

with some constant c G (0, oo) independent of a function /. 

We are interested in probability measures on noncompact spaces, like for 
example the finite products of real lines M", but also certain noncompact 
groups as for example the Heisenberg group. 

For probability measures on the real line the necessary and sufficient 
condition for Poincare inequality characterising the density (of the absolutely 
continuous part with respect to the Lebesgue measure) were established long 
time ago by Muckenphout, [SB], ([31])- More recently such criteria were 
established for other coercive inequalities (Log-Sobolev type: (LS2) [7| , (LSg) 
[lOj . for distributions with weaker tails [5],...). In multidimensional case 
the situation is rather different and more intricate. First of all, since the 
inequalities of interest to us have a natural tensorisation property, there is a 
number of perturbative techniques which allow to obtain classes of interesting 
examples in higher and even in infinite dimensions (see e.g. [IH!, [44] , 

[33j,.., ^^,^48],.. and references given there). We would like to mention 
a work |38] in which the coercive inequalities for probability measures on 
M", n > 3, with variety of decay of the tails (slower as well as faster than 
the Gaussian) were systematically studied with the help of classical Sobolev 
inequalities providing in particular an effective sufficient criteria, (in terms of 
certain nonlinear differential inequalities for the log of the density function), 
for related coercive inequahties, (see also reviews [S], [Sn] and references 
therein). In the mid 80'ties Bakry and Emery, [1], introduced a very effective 
criterion based on convexity (curvature) which allowed to enlarge a class 
of examples where Log-Sobolev inequality holds, including situation with 
measures on certain finite dimensional Riemannian manifolds; (as well as 
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some infinite dimensional cases however with a compact configuration space 
|15j). Following similar line of reasoning, in [3] the authors provided an 
effective criteria for (generalisation) of Brascamp-Lieb inequality as well as 
Log-Sobolev inequality (with possibly more general entropy functional and 
weighted Dirichlet form dependent on the measure). 

More recently, in [S], certain convexity ideas, (including Brunn-Minkowski 
inequality), were exploited to recover in the special case of the space R" sim- 
ilar results as in p] and obtained additionally inequahties (LSg) which are 
naturally related to different than Euclidean metrics (in particular involving 
different length of the gradient on the right hand side). These result con- 
cerned principally the probability measures with tails decaying faster than 
the Gaussian. We point out that while such distribution were also discussed 
in [3H] 5 in [H] they involved in a natural way Lipschitz functions with respect 
to a non-Euclidean metric (while in Rosen's work the emphasis of improve- 
ment was on different functionals on the left hand side). The corresponding 
results for measures on M" with slower distribution tails were obtained in 
[3] (see also references therein), which included in particular those of Rosen, 
|38j . for the similar class of measures. 

Part of the motivation for the current paper was provided by [33] in which 
the coercive inequalities involving Hormander fields instead of the (nonde- 
generate full gradient) were studied. Such the situation is naturally related 
to a more general Carnot-Caratheodory metric associated to the family of 
fields and the interest here is to obtain coercive inequalities involving length 
of the corresponding metric gradient. While in [33] a rich family of examples 
on compact spaces was provided, the noncompact situation was more diffi- 
cult. In this paper we develop an efficient technology which not only recovers 
interesting results in M" briefiy reviewed in the above, but also allows us to 
extend to interesting metric spaces as certain noncompact Lie groups includ- 
ing in particular the Heisenberg group. Part of our approach is directed on 
proving inequalities, which we call U-bounds, of the following form 

J \mdfi<C J \Vf\^d^i + D J l/rci/i 

with a suitable increasing unbounded function U of the metric and the length 
of the metric gradient |V/|; see Section 2. We show later in Section 3 and 
4 that such inequality implies corresponding Poincare as well as suitable 
coercive inequalities; in fact as we illustrate in some of the cases the U-bounds 
are equivalent with the coercive inequalities. (This requires an extension of 
result of on a Gaussian exponential bound of [Tj for other measures and 
functions with possibly unbounded gradient.) 

In Section 5 we explore also a family of weighted Poincare and Log-Sobolev 
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inequalities on Riemannian manifolds including measures with ultra slow 
tails. In such the context we can effectively employ Laplacian comparison 
theorem (see e.g. [T^) which in particular allows us to extend recent results 
of [9] where convexity ideas in Euclidean spaces were used. 
As an application of our technique we also prove (see Section 6-7) the Log- 
Sobolev inequality for the heat kernel measure on the Heisenberg group, (a 
topic which attracted recently some extra attention [32], PTj). 



2 U - Bounds. 

By V we denote a subgradient in M.^ , that is a finite collection of possibly 
noncommuting fields. It is assumed that the divergence of each of these fields 
with respect to the Lebesgue measure A on is zero. (While this provides 
some simplification in our expositions, it is possible to extend our arguments 
to a more general setting.) 
We begin with proving the following result. 

Theorem 2.1 Let = ^ dX he a probability measure defined with j3 G 
(0, cx)) and p e (l,cx)), (Z being the normalisation constant). Suppose < 
- < |V(i| < 1, for some cr G [1, oo), and Ad < K + (3ped^~^ outside the unit 
ball B = {d{x) < 1} for some K G [0, oo) and e G [0, ^). Then there exist 
constants C,D & (0, oo) such that the following bound is true. 

J \f\d^-'dfip<C J \Wf\dfip + D J \f\dfip (1) 

Remark: In particular the assumptions of the theorem are satisfied for d 
being the Carnot-Caratheodory distance and V the (horizontal) gradient of 
the Heisenberg group. 

Proof: For a smooth function / > such that / = on the unit ball, by the 
Leibniz rule we have 

(V/)e-^^'' = V {fe-^'')+Ppf [dP-'Vd] e-^'\ (2) 

Put 

«(•) = j (Vrf)(-) dX. 
Acting with this functional on the expression ^ we get 



cx{{Wf)e-^'') = a (V {fe-^''))+(3p j fd^~^\Vd\^ e-^'^dX 



(3) 
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Using Holder inequality, the left hand side of can be estimated from above 
as follows 



a((V/)e-^'^') = J {Vd)-{V dX (4) 

< j |Vd||V/|e-^'^'rfA < j \Vf\e-^''"dX 

where we have used the fact that |V(i| < 1. The first term on the right hand 
side of ([3]) can be treated with the help of integration by parts as follows 

a (V (/e-^^'')) = j{Vd).V{fe-^'^)d\ (5) 

= - j iAd)fe~^'^''d\ >~Kj fe-^^'dX- ppe j fd^-^e-^^" d\ 

where we have used the assumption that Ad < K + Pped^'^ . Combining ([H]), 
(jID and ([5]), we get 

(3p j fdP-'{\Vd\^-e) e-^^'dA< j \Vf\e-^''''dX + K j fe-^'^'dX 



K 



from which the inequality ([T]) follows with C = (ii^2_^-)jjp and D = ^^^^^2,^)^^ , 
provided e G [0, ^). 

Now, the estimate ([1]) is proven for smooth nonnegative / which vanish on 
the unit ball. We can handle non-smooth functions approximating them by 
smooth ones (on compact sets via convolution and splitting f into compactly 
supported pieces using a smooth partition of unity - details are tedious but 
do not pose any essential difficulty). 

We can handle / of arbitrary sign replacing / by |/| and using equality 
V|/|=sgn(/)V/. 

To handle / which are non-zero on the unit ball we write / = /o + /i 
where /o = 4>f, /i = (1 — 0)/ and = min(l, max(2 — d{x), 0)). Then 

[ \f\dP-'df,,= [ \f\dP-'dfip+ [ \f\dP-'dfi, 

J Jd(x)<2 Jd{x)>2 



Next 



Jd(x)<2 Jd{x)>2 

<2P-' J \f\dfi, + J \f\,dP~'dfip. 
|V/i|<|V/| + |/|, 
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\fi\d^-'dfip<C j \Vh\dfi, + D j IfWdfij, 

<C J |V/|rf/ip + p + C) J l/lrf/ip 

Combining inequalities above we see that ([1]) is valid without restriction on 
the support of / if we replace D hj D + 2^^^ + C. □ 



Using our result and a perturbation technique we obtain the following 
generalisation. 

Theorem 2.2 Let dfi = ^, ^ dfxe be a probability measure defined with a 
differentiable potential W satisfying 

\VW\ < 6dP-^ + j5 (6) 

with some constants 6 < 1/C and '-fs ^ (0, C)o), and suppose that V is a 
measurable function such that osc{V) = ma.xV — minl^ < oo. Then there 
exist constants C, D' e (0, oo) such that the following bound is true. 



\f\dP-'d^i<C' J \VfW + D' j \f\d^ 



(7) 



Remark: In particular the assumption ^ of the theorem is satisfied if W 
is a polynomial of lower order in d. Another example, in the spirit of [18] 
and [TOj, with deep wells is as follows 

W = cos{d) 

with a small constant ^ > 0, (but ^d^~^ cosld^^"^) would not work for any 
£ > no matter how small '(9 > would be). 

Proof: We consider first the case = and start from substituting fe~^ 
in the inequality ([T]) for the measure /Xp. Using Leibniz rule 

J \f\dP-'e-'^dfip<C j iVfle-'^dfip + D j l/le-'^d/Xp 

+ C j \f\\VW\e-'^dfip 
Now our assumption ([6]) about W, implies 

J \f\\VW\e-'^dfip<6 J Ifld^-'e-'^d^ip + ^s J Ifle-"^ dfip 



Thus combining these bounds we arrive at 

j \f\dP-'e-'^dfip<C J |V/|e-^d/ip + D J |/|e-^d/i, 

with 

C = C/{1-C5) and D = {D + -fs)/il - C5) 

Next we note that if ^ 7^ we have 

p-W-V r p-w 



/-W r -W 



-w-v r „-w-v 



r p-W-V _ r p-W-V 



□ 



Theorem 2.3 Let jj, be a probability measure for which conclusion of Theo- 
rem \2.1\ holds. Let p G (1, 00). Then for each q G [1, 00) there exist constants 
Cq, Dg G (0, 00) such that the following bound is true. 



\f\'d^^^-'Ufi<CqJ \vf\Ufi + DqJ \f\^d^I. 



Proof: Let di{x) = max(l, Enlarging constants D if necessary we 

may assume that 

j \f\dF-'dfi<C J \Vf\dfi + D J \f\df,. 

Put h = We have 

J |/|<?c/''(f-i) dfi< J \f\'idf''~^U^i = j hd^-'dn 

<C j \Vh\dfx + D J hdfx. 

By Leibniz formula 

IV/.I = q\Vf\\f\^'^-'^dt'^^''~'^ + (g- l)|Vdi||/r4'-^)(^-^)-^ 



6 



and 



Next 

If (g- l)(p- 1) < 1, then 

j{q-l){p-l)\Vd^\\f\'^Sr'^^'-''^~'dii< j l/^rf/x. 
If > l,then 

y"(g-i)(p-i)ivdiii/r4'"'^(^"'^"'^/^<(g-i)(p-i) / 1/1^4'"'^^"'^"'^/^ 

/ r Np/(g(p-l)) / . \ ({P-1)(9-1)-1)/(9(P-1)) 

Combining inequalities above, if (g — — 1) < 1 we get 

<Ca«y |V/|''<i^+(C + £l^) j \f\'d^ 
which gives the claim with 



and 

D. - 



if a and /3 are big enough. Similarly, for (g — l)(p — 1) > 1 we get the claim 
with 

^ ^ Ca^ 

^ ^ r r (g-i)"(p-i)-(g-i) n g-i 

and 

Cp79(p-i)/P + 
= — 1 

if a, /? and 7 are big enough. □ 



Theorem 2.4 Lei (i/ip = ^ ^ (iA he a probability measure defined with jd G 
(0,00) and p G [2, 00), (Z being the normalisation constant). Suppose < 
^ < |V(i| < 1, for some cr G [1, 00), and Ac? < + f3ped^~^ outside the unit 
ball B = {d{x) < 1} for some K G [0, 00) and e G [0, ^). 
Suppose ^ + ^ = 1, then we have 

I/I < y I v/^c^/i + y" i/rc?/i (9) 

Remark: In particular the assumptions of the theorem are satisfied for d 
being the Carnot-Caratheodory distance and V the (horizontal) gradient of 
the Heisenberg group. 

Proof: This is a special case of Theorem 12.31 □ 



Extension to more general measures is as follows. 

Theorem 2.5 Let d/j = ^, ^ d^p be a probability measure defined with a 
difjerentiable potential W satisfying 

\VW\'' <6dP + -fs (10) 

with some constants 52^~^g~^C < 1 and 75 G (0,oo), and suppose that V is 
a measurable function such that osc{V) = maxV — min < 00. Then there 
exist constants C, D' G (0, 00) such that the following bound is true. 

j \f\Wfi<C' J \\/f\^dfi + D' J Ifl'^df, (11) 

with q such that - + - = 1. 



The proof is similar to that of Theorem 12.21 



2.1 U - Bounds: Sub-Quadratic Case. 



-fid" 



Theorem 2.6 Let dfig = ^ ^ dX be a probability measure defined with (3 G 
(0, cxd) and 9 G [1,2), (Z being a normalisation constant). Suppose < - < 
|V(i| < 1, for some a G [1, oo), and Ad < K + [3ped^~^ outside the unit ball 
B = {d{x) < 1} for some K G [0, oo) and e G [0, ^). 

Then there exist constants CgjDo G (0, oo) such that the following bound is 
true 

I \f\'d'^'-'^dfig <Cej \Vf\'dfie + De J (12) 

Remark: In particular the assumptions of the theorem are satisfied for d 
being the Carnot-Caratheodory distance and V the (horizontal) gradient of 
the Heisenberg group. 

Proof: Again, this is a special case of Theorem 12.31 □ 



Extension to more general measures is as follows. 

Theorem 2.7 Let dfj. = ^—^r—d^Q be a probability measure defined with a 
differentiable potential W satisfying 

\VW\^ < 6d^^'-^^ + -is (13) 

with some constants 5C/2 < 1 and 75 G (0, 00), and suppose that V is a 
measurable function such that osc{y) = maxV^ — minV^ < 00. Then there 
exist constants C, D' G (0, 00) such that the following bound is true. 

I \f\'d'dfi<C' I \Vf\'dfi + D' 1 (14) 

Again, the proof is similar to that of Theorem 12.21 

3 Poincare inequality. 

Theorem 3.1 Suppose 1 < g < 00 and a measure A satisfies the q-Poincare 
inequality for every ball Bfi, that is there exists a constant cr G (0, 00) such 
that 



1 



\B 



R\ J B 



\^R\ J Br 



dX<CR-^ I |V/|m (15) 



R\ J B 
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Let n be a probability measure on M" which is absolutely continuous with 
respect to the measure A and such that 



J Pvd^^ <cj 



(16) 



with some nonnegative function rj and some constants C,D & (0, oo) inde- 
pendent of a function f . If for any L G (0, oo) there is a constant such 
that 



1 da 
Al- d\- ^ 



(17) 



on the set {rj < L} and, for some R G (0, oo) (depending on L), we have 
{rj < L} C. Br, then fi satisfies the q-Poincare inequality 

/xi/-/i/r<c/.|v/r (18) 

Proof: For any a we have 



Next 



l^\f - al" < filf - al'^xiv < L)+ ii\f - a\'' xiji > L) 



(19) 



(20) 



Using our assumptions and putting a = f^^ /, for the first term on the 
right hand side of fl20|) we have 



fi\f-a\'x{v<L)<AL 



Br 



f 



\B 



f 



R\ JBr 



< AlCr [ iV/r^A < Aic^/ilV/l" 

JBr 



On the other hand for the second term on the right hand side of 

fJ^lf - Xiv >L)< J^^^\f - V 
Hence, by ( fTUj) . we obtain 

/i 1/ - ar X{V >L)< V/l" + 1/ - ar 



(21) 
we get 
(22) 

(23) 
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Combining fl?T]) and fl^ . we get 



AlcR + - 



/^iv/r+^/ii/-ar 



Choosing L > D, simple rearrangement yields 



This together with ^ - (EI]) yields 

^^\f-^^fV<c^^\Vf\'^ 
with some constant c G (0, oo). □ 



Corollary 3.1 // we are on nilpotent Lie group the probability measure /ig 
and fig of Theorem \2.5\ and\2. 7\ respectively, satisfies the Poincare inequality. 



4 From Sobolev Inequalities to Coercive In- 
equalities with Probability Measure: The 
non-compact setting. 

4.1 Case p>2. 



-u 



Theorem 4.1 Let dfi = ^-^dX. Suppose the following Sobolev inequality is 
satisfied 

l/l^+^f/A ) < a / |V/rrfA + h [ \f\^dX (24) 



and the following bound is true 

/X d/l" [I Vf/I" + U]) < V/r + (25) 
Then the following inequality is true 

/i(^riog-^^ <C/x|V/|'^ + D/i|/|'' (26) 
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Moreover, if q G (1,2] and the following q-Poincare inequality holds 

/ii/-/i/r<^/iiv/r (27) 

then one has 

^(fnog^) <c/i|V/r (28) 



with some constant c G (0, oo) independent of f. 
Proof: First we note that for / ^ 0, we have 

/i (^/-^ log =/!(/") J 9nogg'^dX + f,{f^[U + \ogZ]) 

with g = f ■ ^ 1 satisfying / g'^dX = 1. Next, by arguments based on Jensen 
inequahty, one gets 



gnogg'^dX = gnogg'dX < ^^^±^\og ( / g^+'dX 
whence, by the Sobolev inequahty ( l24l) . one obtains 



q + e 



gnogg'^dX < ^^^log ( / g^^'dX ] "^^ < a' / \\/g\''dX + b' / g'^dX 



1 



with a = and b' = ^^b. Combining all the above we arrive at 
/x(^/Mog-^^ <a'/i(/^) 1 |V [/^] rt/A+(6'+logZ) I f^dfi+fiifm) 



and, by simple arguments, we obtain 

(29) 

Now using our assumption (1251) yields 



/if/Mog^) <2''-V / |V/rrf/i+/i(r [2''-VV|Vf/r + f/ + 6' + logZ]) 



//(/"log 4;-) < (2'^-ia' + 2''-VVC)/i|V/r+(6'+D+logZ)/i|/|'' (30) 



12 



Since for q G (1, 2] one has, |TU] . 



using (IHUI) we arrive at 



which ends the proof of the theorem. 



M 



□ 



Using Theorem 14 . 1 1 together with results of Section 3, (q-Poincare inequahty), 
we arrive at the following result. 

Corollary 4.1 The probability measures dfi = e~^~^dfip/Z' , with p > 2, 
described in Theorem \2.5\ satisfies the following coercive inequality 



/i(i/riogJj^) <c/i|v/r 



(LS, 



with i + i = 1 and a constant c G (0, oo) independent of a function f . 



4.2 Sub-quadratic Case. 

Theorem 4.2 Suppose 9 G [1,2] and let c; = Then there exist con- 

stants C,D E (0, oo) such that 



log 



I f^dfie 



d^ie<C J \Vf\^diJe + D J f^dfie 



(32) 



Proof: We note first that if ^ G [1,2], then ^ G [0, 1]. Put g = f^ 



We have the following inequality 



log 



< 



I f^df^e 



log 



log 



dfie 

2 



+ /3/-logZ| d\ 
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Jg'dx 



fg'dx 

d\ + j rfA + I log Zl^y g'^dX (33) 



jgHX 



dX + (3' / / 



+ |logZr / fdf^ 



13 



Assume first that figf"^ = J g^dX = 1. Then we have 



< 



2 + e 



log , ( / g'+'dX 



2 \ <; 

2+e 



with = sup^.g(Q^i) X (log^)'". Choosing suitable e G (0,1), we can apply 
Sobolev inequality, (with constants C,D E (0, 00)), to get 

' <(l±I-^ (\og^ (c [ \Vg\^dX + D [ g^dx)Y + D, 



g 



with 



and 



log 



g 



fg'dx 



<Ci j \Vg\^dX + Di 



Ci = s 



2 + e 



C 



where s G (0, 00) and 7^,^ G (0, 00) is a suitable constant. Using the definition 
of (yf, we have 

j \Vg\HX<2 j \Vf\'di^g + ^p'9' I fd'^'-'^d^o 

Now applying the U-bound of Theorem 12.61 we get 



I \V9\'dX<(^2 + ^/3'9'Ce^ 



\^9\''dX< {2 + ^p^9-'Ce] j \V f\''d^le + \(3''e''De / fd^e 



Thus we get (for the normalised function 



g 



log 



jg'dx 



<C2 j \Vf\^dfie + D2 



(34) 



with some constants €2,02 G (0, 00). Now coming back to ( l33i) . we note 
that since 6'^ = 2 (^ — 1), we can use again the U-bound of Theorem 12.61 to 
bound the second term from the right hand side of this relation. Combining 
this with flM|) . we arrive at the following bound 



log 



I Pdfig 



di^e<C J \Vf\^diJe + D 



(35) 
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with the constants C = C2 + and D = D2 + P'^Dg + \ logZ]'-. At this 
stage we can remove the normahsation condition to arrive at the desired 
bound (132|). 

□ 

Using Theorem 14.21 we prove the following tight inequality. 

Theorem 4.3 For 6 e [1,2] and = let 

<l>(x) = X (log (1 + x)y 

Under the assumption of Theorem \4.^ if additionaly iig satisfies Poincare 
inequality, there exists a constant cg G (0, 00) such that 



fteHf')-Hf^of')<cg / |V/|> 



(36) 



Proof: First we note that 



fie^f') - $(/x,/2) < IJ^gf 



log 



1 + nP 



and 



log 



l + Nf^ 



log 
log 



1 + f 



(37) 



(3^ 



1 + 



On the set {/ > figf^} we have j^f^ < ^ and 



so 



log 



log 



On the other set {/ < /ie/^}, we have < 1 + ^75-, and therefore 



liex{P < f^eP)f 



log 



l + P 



1 + nP 

Using these relations together with (!38l) we have 



< 2figf 



/X,$(/2) - $(/X,/2) < ^igf 



log 



f^eP 



+ 2^gf 



(39) 
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and thus, by Theorem 14.2^ we obtain 

fiMf) - Hfief) < Cfie\Vf\' + {D + 2)figf (40) 

Now according to Lemma A.l of [33j, one has the following analog of Rothaus 
lemma for a probability measure with Orlicz function $ given in the theorem: 
3a, 6 G (0,oo) 

iy^f)-^uf) < a [z/$((/ - uff) - - uff)] +hv{f-vff (41) 

Combining fj^Oj) and fj4Tl) with the Poincare inequality for the measure /ig 



we arrive at the following result 

D + h 



aC 



M 



/i.|V/p 



□ 



Summarising, in the current section in essence our methods were based 
on the fact that the primary part of the interaction where a nice function of 
certain unbounded function d which length of the gradient | V(i| (with respect 
to a given set of fields) was bounded from above and stayed strictly away 
from zero. We also used number of times the Leibniz rule for the fields. 

4.3 From Coercive Inequalities to U-Bounds. 

For a probability measure dfi = e~^dX/Z, we have shown that if for q G (1, 2] 
the following bound is satisfied 



ri\VU\^ + U)dfi<C J \Wf\''d^^ + D j Ifl^d^i 
together with g-Poincare inequality 

then the following LS^ inequality holds 

/^i/riog^<c/x|v/r 

We show that the following result in the converse direction is true as well. 
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Theorem 4.4 Suppose q G (1,2] and for some constants a,h E (0, oo) , we 
have 

iVf/l"^ <aU + b 

and assume that the measure dfi = d\/Z satisfies LSg. Then the follow- 
ing U -hound is true 

\f\mdfi<C J \Vf\'dfi + D J Ifl^dfi 

with some constant C,D E (0, oo) independent of f . 

Proof: We note that by relative entropy inequality one has 

1,., I/I" , f^......eU. 



fiiifm < -/.i/i^og-^ + (^-log/ie^v ) /ii/r 



Hence, if LS„ is true, we get 



f^ilfm <-J \Vf\'^d^^+ Qlog/xe^^^/xl/r 

Thus we will be finished if we show ^e^^ < oo. This follows from the follow- 
ing result. 

Exp-Bounds from LS„ 



Theorem 4.5 Assume that a measure fi satisfies LSg with some q G (1,2]. 
Suppose that for some constants a,b E (0, oo) , we have 

|V/r<a/ + 6 

Then the following exp-bound is true 



/xe*-^ < oo 



for all t > sufficiently small. 



Remark: For the case q = 2 see [T]. 

Proof: By our assumption, we have 

9' 



/^^''log — - < c/i|V^|^ 
1^9'^ 
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It is enough to prove the bound under additional assumption that / is 
bounded. Namely, given L e (0, oo), replace / by F = x(|/| < L)f + 
Lx{\f\ > L). F satisfies our assumptions with the same constants. So we 
will get the claim letting L go to oo. 

Since now / is bounded, exp tf is integrable and we have 

/i {e^nog^^ < cq-H'^ii (e*^|V/r) 

By our assumption | V/|^ < a/ + 6, so we get 

11 {e^^ log < caq-H'^iJi (e*^/) + c6g-«iV (e*0 

which can be rearranged to get 

(1 - caq-H'i-^)ii ( log < caq-H'^-^ log/i (e*^ + cbq-H'^ 

Taking into the account that 

and setting = |log/xe*'^, after simple transformations we obtain the 
following differential inequality 

at 

with p{t) = and 7(t) = which are weU defined for 

caq-Hi-^ < 1. Since G'(t) ^ /x/ as t ^ and g G (1, 2], for caq-H'^'^ <£ < 
1, after integration we get 

In our range of g G (1,2], this can be solved by iteration. Since G{t) is 
nondecreasing, in this interval one also has 

which for (^rf^^^^^"^ = S <1 yields the following bound 
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with C = j^^jf^- One can check that our bound is independent of the cut 
off L in the given interval of t. 

By the above we have shown the equivalence of the LSg and t/-bounds 
in particular in the cases of natural interactions dependent on the metric. 
Similar considerations can be provided in the subquadratic case for which 
the exponential bounds are known (see e.g. [HI], [S])- 



5 Weighted U-Bounds and Coercive Inequal- 
ities. 

Let p > 2 and suppose / is a smooth function supported away from the 
origin. Starting with the identity 



(v/)e-— = V (fe-— 
squaring and integrating with the measure dX, one obtains 

J rf-"|V/|'e-^'''rfA >pP J d^-^-'V (/e-"^) ■ {Vd)fe-^d\ 



Hence, after integration by parts in the first term on the right hand side and 
simple rearrangements, one arrives at the following bound 



j d-^lVlfe'^^'dX >P^I f (d^f— 2|vrf|2) e-PdP^^ 

e-f^'dX 



f 



2 ' ' 2 



If we choose a = p — 2 and assume \Vd\ > ^ > 0, we obtain 



4a2 



fd^e-^^'dX 



2 \Vd\' + '-^dM 



-P^'dX 



Finally assuming that there exists constants K G (0, oo) and 5 G (0, ^^), 
such that 

^-^^±^\Vd\- + ^-^dAd<K + 5d^ 
2 ' ' 2 ~ 
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we arrive at 
4cr2 



j f(Fe-^^'d\< J d-'^lVfl^e-^^'dX + K J fe-^^'dX 



By adjusting the constant on the right hand side and replacing c? ° by 
< d (1 + d'^)~2 ^ we conclude with the following result. 

Theorem 5.1 Let dfi = e~^'^^d\/Z with p > 2. Suppose there are constants 
a G [1, oo) and K G (0, oo) and 5 G (0, such that \Vd\ > ^ and 

^\Vd\^ + ^dAd<K + SdP 
Then there are constant C,D E (0, oo) such that 

fifdp <Cfi{<d >'-^ iv/n + 

Using this bound, by similar arguments as in the proof of Poincare inequality, 
(see Theorem 13. II) . we now obtain 



Theorem 5.2 Under the assumptions of Theorem \4.4\ there is a constant 
M G (0, oo) such that 

M ^{f-f,jf<f,{<d>'-nVjf) 

Finally following our strategy from the beginning of Section 4, (see proof 
of Theorem 14. 2p . with appropriate amendments, we arrive at the following 
coercive inequality. 

Theorem 5.3 Under the assumptions of Theorem 4^ there is a constant 
c G (0, oo) such that 
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5.1 Weighted U-Bounds and Coercive Inequalities: 

Distributions with Slow Tails on Riemannian Man- 
ifolds. 



In this section we consider a noncompact smooth Riemannian manifold M of 
dimension 3 < < oo. In this setup d{x) denotes the Riemannian distance 
of a point x from a given point xq G M called later on the origin. By V and 
A we denote the gradient and Laplace-Beltrami operators, respectively. 
The aim of this section is to discuss coercive inequalities involving proba- 
bility measures dfi = pdx with density (with respect to the corresponding 
Riemannian measure d\ on M) which is of the form p = e~^^'^'> /Z with lead- 
ing part of the function U given by a concave function (and therefore also 
defining a non- Riemannian distance on M ). In particular we will consider 
the following cases: 

(i) U{d) = /3d", with a G (0, oo) and /3 > 0, 

(ii) U{d) = p\og{l + d) with /5 > 0. 

Before we go on we recall the following Laplacian comparison theorem, 
(cf [H], [30] ([37], [l6]-[17])). For a complete Riemannian manifold M with 
Ric >{N- l)K where G M: 
(*) If K < 0, then Arf < (A^- + (iV- 
(**) If Ric > 0, then Ad < {N - l)d-^ 

By similar computation as we have done in Section 2, for a smooth nonnega- 
tive function / localised outside a ball = Bs{xo) centred at the origin we 
consider a field 



defined with a positive weight function W = W{d) to be specified later. 
Using the fact that |V(i| = 1 (for d ^ 0), together with arguments involving 
Holder inequality and integration by parts one arrives at the following bound 



(V/)e-^ = V (/e-^) + / (t/'Vrf) e 



-u 



(42) 



to which we will apply a functional 




(43) 




(44) 



with 



V = xm\b, iWU' - diYiWVd)) 
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Later on we will extend V to i?^ in a convenient way by adding an arbitrary 
bounded continuous function. One can handle a function of arbitrary sign 
replacing / by |/| and using equality V|/| = sgn(/)V/. To include / which 
are non-zero on a ball centred at the origin we write / = /o + /i where 
/o = (pf, /i = (1 — 0)/ and (f){x) = min(e, max(2£: — d{x), 0)). Then 



/ \f\Vdfi= [ \f\Vdfi+ [ \f\Vdfi 

J Jd{x)<2s Jd{x)>2e , ... 

r r (45) 

< sup (V) / / |/|iVrf/i 

U<2e} J J 



{d<2e} 

Next we have 

|V/i| < \Vf\ + ^X{e<d<2e}\fl (46) 

and therefore 

/ \fi\Vdfi< [ W{l-(P)\Vf\dfi+ sup (e-'W) [ \f\dfi (47) 

J J {£<d<2e} Je<d<2£ 

Combining fl42p - fl47l) we arrive at the following bound 



/ 



\f\Vdfi< I Wil-(f))\Vf\dfi+ sup (V) / (f)\f\d^i 

{d<2e} 



(4J 



+ sup (e-'W) [ \f\dii 

{e<d<2e} Je<d<2e 



Hence with 

B = sup (V) + sup (e-^W), 

{d<2e} {£<d<2e} 

we have 

J \f\Vdfi< J W\\/f\dfi + B J \f\dfi (49) 
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Case (i) 



For U{d) = /3d°, with a G (0, oo) and (3 > 0, choosing W{d) = a'^d'^, with 
K > 1, we have 



V = WU' - div(VrVrf) = U - a-^Kd"-^ - a'^d'^Ad (50) 
Thus if (*) holds, we have 

V > pd''-'+^ - xm\b, [a-^nNd'^-^ + a-\N - l)^/\K\d^'^ (51) 
Hence we conclude with the following result 

Theorem 5.4 Let dfi = e~^d\/Z with U = Pd"' where a G (0, oo). Suppose 
Ric > (iV - 1)K with K <0. 

• If a > 1, then for any k, > I, there exist constants ci, bi G (0, oo) such that 



J \f\Udii <cij, 



f\Ud^i<ci rfl V/M/i + h \f\dfi (52) 



• If a = 1 and (3 > a~^{N — l)^/\K\, then for any k > 1, there exists 
constant Ci,bi G (0, oo) such that [5^1 is true. 

• If a E (0, 1) and Ric > 0, then for any k > 1, there exist constants 
Ci,6i G (0, oo) such that (Elj is true. 

Moreover if holds, then for any q G (1, oo), we have 

j \f\'Udfx<C2 j rf^^'^-f^lV/rrf/i + foa j \f\''d^Ji (53) 

with C2 = CiAg5-^/?p[l - Ci/{pX)]~^ and 62 = bi[l - Ci/{pX)]-\ 

The second part follows from the first by substituting in place of / and 
using elementary arguments involving Young inequality. 

As a consequence, by similar arguments as earlier in this section, we 
obtain the following result on possible coercive inequalities. 
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Theorem 5.5 Let dfi = e ^dX/Z with U = [3d" where a G (0, oo). Suppose 
Ric > {N -l)K with K <0. 

• If a > 1, then for any k > 1, there exist constants c G (0, oo) such that 



(54) 



• If a = 1 and (3 > a~^{N — l)^y\K\, then for any k, > 1, there exist a 
constant c G (0, oo) such that is true. 

• If a E (0, 1) and Ric > 0, then for any k > 1, there exist a constant 
c G (0, oo) such that [54^ is true. 

As a consequence the following inequality holds 



M fi\f-f,fr< I d'^^^-f^ivfrdfi 



(55) 



with some M G (0, oo). 
Case (ii) 

For U{d) = (3\og{l + d) with /3 > 0, choosing W{d) = d\og{l + d) and setting 

V = U + xm\b, {W(3{1 + d)-' - dwiWVd)) ^^^^ 
= U - Xm\bJ1 + log(l + d)] - XM\B,d\og{l + d)/\d 

Thus if (*) holds, we have 



V > U-XM\BA^+\og{l+d)]-XM\Bd\og{l+d) y{N - l)d-^ + {N- 1) 

(57) 

Hence we conclude with the following result 

Theorem 5.6 Let (i/i = (1 + d)~^d\/Z with a G (0, 1). Suppose Ric > 0. 
If/3>N, then 



J \f\Udfi <c,J 



^ f\Udfi<ci I d\og{l + d)\Vf\d^i + h I \f\dfi (5 

with 

c, = p.[fj-N]-' 
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and 



61 =/3- A^]"' • I iV+ sup (V) + sup (e-'W) 

{d<2e} {s<d<2s} 



Hence, there exist Cg, bg G (0, 00) such that 

j \f\'Ud^<Cgj dnog{l + d)\Vf\H^ + hgj \f\H^ (59) 

The second part follows from the first by substituting in place of / and 
using the following Young inequality 

d\yr\ = q iifr' ■ d\vf\) < wi v/r + 

which implies 

J d\og{l + d)\Vr\d^i = J d\og{l + d)q\fr'\Vf\d^I 

<\'' j dnogil + d)\Vf\^dfi + ^\-P j logil + d)q\f\'^dfi 
From this and fl^Sj) . choosing ci|A~^ < 1, one obtains 

J \mdfI<Cgj dnOg{l+d)\Vf\'^d^l + hg j Ifl'^d^I 

with Cg = ciA«(l - ci JA-P)-i and bg = - cijX~P)-\ 

As a consequence of the above theorem, using arguments similar to those 

of sections 4.1 and 4.2, we derive the following result on possible coercive 

inequalities. 

Theorem 5.7 Let dfi = e-'^^°^^'^+'^Ux/Z with (3 > N . Suppose Ric > 0. 
Then for any q > I, there are constants Mg, Cg G (0, 00), such that 

Mg^\f - < + dy log(e + rf)|V/r (60) 

and 

^^\f\nog ^ < Cg^^{l + df log(e + rf)| V/r (61) 
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5.1.1 Weighted Inequalities at Large j3 

Let U ~ /51og(l + d), with (3 > N = dim{M.). While the above results are 
true for any P > N, we will show that for sufficiently big /? and Ric > due 
to the special nature of the interaction it is possible to improve the weight 
in the Poincare and related Log-Sobolev inequahties. 

We start from noting that for a nonnegative differentiable function supported 
outside a ball of radius r centred at the origin, one has 

J{1 + d)\S/f\e-^dx > y"(l + d)^d ■ Wfe-^dx 

= J{l + d)[Vd-V (fe-^) + fVd ■ VU] dx 
and so, taking into the account that |V/|^ = 1, one gets 

J f[P-l-{l + d)Ad\ e~^dx < y"(l + d)\Vf\e-^dx 

When Ric > 0, we have Ad < {N — l)d~^ which implies the following bound 

Mf) J fe-^dx< J{l + d)\Vf\e-^dx (62) 



where Afg = 



P-N- 



(iV-l)- 



Since |V/| > |V|/||, this inequality remains 

true for not necessarily positive function with / replaced by |/| on the right 
hand side. Let now consider the following cutoff function 

1 for <t <2r 
X{t) = {l-(£^) for2r<t<R 
fort>R 

with some i? > 2r to be chosen later. Setting /i = (/ — /i/)x and /2 = 
(/ - /^/)X, we have 

As fi is compactly supported Lipschitz function, there is an m = uir G 
(0, oo) independent of the function /, such that 

< m^V|V/i| < m^V(|V/|x)+ ^^^^^_^^^ /i (1/ - /^/|x(2r < d < R)) 
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The second term on the right hand side can be treated with the help of 
as follows. Setting x to be a Lipschitz extension of x(2r < d < R) supported 
outside the ball of radius r, we have 

/i (1/ - /i/|x(2r <d<R))<fxi\f-fxf\x)< M^' /i(l + d)\V f\ 
+M-^up|Vx| f^\f-f^f\ 



Thus we obtain 

+ 



^ mR{R-2r) ^ 



fiil + d)\Vf\x (63) 



1 



-M,-isup|Vx|/i|/-/i/| 



mn{R-2r)" ^ 
On the other hand applying to /2 we obtain 



/^lAl <M^-V(l+c^)|V/|(l-x)+M^-^i^ 



/i(l/-/i/lx(r<rf<i?))) (64) 



Combining (!63|) and (!63l) we arrive at 

- /i/l < Co/i(l + d)\Vf\ + bofi\f - fif\ 

with 

Co 

and 



(65) 



-1 



1 



+ [ 7 r + 1)M^^ 



bo = 



sup |Vx| + 



1 + R 



^ \mR{R-2r) ' ' ' R-r^ 

Since given R > 2r, one can choose [3 > N sufficiently large so that 6o < 1, 
we conclude with the following result 

Theorem 5.8 Suppose U = /31og(l + d), with (3 > N , and Ric > 0. Then 
there exists [3q > N, such that for any [3 > [3q, one has 

M/i|/-/i/| <^(l + rf)|V/| (66) 

with some constant M G (0, oo) independent of f . Consequently, we have 

M,/x|/-/i/r<Mi+^nv/r (67) 

with some constant Mg G (0, oo) 
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The second part of the theorem follows by similar arguments as the ones used 
in the proof of Proposition 2.3 in [TU] . 

Next we study the relative entropy estimate as follows. For a non-negative 
function /, setting fi = fx and /2 = /(I — x) with the same Lipschitz cutoff 
function x , we have 

f^f log ^ < fifi log ^ + /i/2 log ^ 

/^/l ^72 

Since the function fi is compactly supported and the density of the measure 
fi restricted to the ball i?j?(xo) bounded and bounded away from zero, (via 
the arguments involving Sobolev inequality) we get 

/i/ilog^ < ci/i|V/i| < ci/i(|V/|x) + &1SUP |Vx|/i/ (68) 

with some constants ci, 61 G (0, 00) independent of /. Next we apply similar 

JfzeUdx 



arguments based on Sobolev inequality with the function F = . and 



the Riemannian measure dx to get 



F log p , dx<a I \VF\dx + b I Fdx 



J Fdx 

with some constants a, 6 G (0, 00). Hence we have 

/i/2 log ^ < a/i| V/l (1 - x) + /i/(l - X) (a| Vf/| + 6 - log Z) + fif^U (69) 

In our current setup we have | Vt/| < 13. Moreover, by simple relative entropy 
arguments, we have 

1 e^^ 1 

l^f2U = -/i/2 log —jjj + - log/ie^^/i/2 

< T/i/2 log ^ + Y log /ie^^/i/2 
A /i/2 A 

which hold provided that (3 > N + X. If we can choose A > 1, this together 
with ( 169|) implies 



/i/2 log ^ < C2/i| V/l (1 - x) + fe2/i/(l - X) (70) 
/i/2 

with 

C2 = a(l - A-i)-^ 

and 



6, = ri-A-M-i 



a/5 + 6 - logZ^log/ie^^ 
A 



J2 

Combining (!70l) and (1681) we arrive at the following result 
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Theorem 5.9 Suppose U = /31og(l + d), with (3 > N , and Ric > 0. Then 
there exists Pq > N, such that for any P > Pq, one has 



fif\og^<cfi{l + d)\Vf\ + bfif 



(71) 



with some constant c,b E (0, cx)) independent of f . Consequently, if the 



with some constant Cg G (0, oo). 

We remark that fl7T|) implies similar weighted LSg inequality with / replaced 
by I/I'' and |V/| by its g-th power (which follows simply by substitution 
and use of Holder inequality), while the tightening is obtained via Rothaus 
arguments (see e.g. p^). 

6 Optimal control distance on the Heisen- 
berg Group. 

Heisenberg group Hi as a manifold is isomorphic to 7^^'+^ = 7^^' x TZ with 
the multiplication given by the formula 

{Xi,Zi) O {X2,Z2) = {Xi + X2,Zi + Z2 + ^S{Xi,X2)) 

where S{x,y) is standard symplectic form on 7^^': 

I 



1=1 

Vector fields spanning the corresponding Lie algebra are give as follows 

= dx, + ]:Xi+idz, 




(WLSg) 




2 




Z = dz 



where i 



1,...,/. 
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More generally, we say that a Lie algebra n is a stratified Lie algebra if 
it can be written as 

n = efni, 

and n is generated by ni. Note that stratified Lie algebra is nilpotent. 

We say that Lie group N is stratified if it is connected, simply connected 
and its Lie algebra n is stratified. Since for stratified groups exponential 
mapping is a diffeomorphizm from n to A^, one can identify with n. 

A Lie algebra is step two if it is stratified with m = 2. In other words it 
can be written in the form 

n = V © z 

where z is the center (that is [n, z] = 0) and [v, v] C z. 

On a stratified Lie algebra n we define dilations by the formula 

S{s)x = s^x 

for X e iij (and extend hnearly to the whole n. For s ^ 8{s) is an auto- 
morphism of n. One can also define dilations on the corresponding group: 
(5(exp(X)) = exp(5(X)). 

A Lie algebra n is of H-type (Heisenberg type) if it is step two and there 
exists an inner product (■, ■) on n such that z is an orthogonal complement 
to V, and the map : v i-^ v given by 

(JzX,F) = ([X,F],Z) 

for X, y e V and Z G z satisfies J| = —\Z\^I for each Z e z. Equivalently, 
for each i> e v of length 1 the mapping ad* given by 

{adlz.y) = {z,adyy) = {z, [v,y]) 

is an isomctry from z* into v*. 

An H-type group is a connected and simply connected Lie group N whose 
Lie algebra is of H-type. We can identify H-type group N with its Lie algebra 
n defining multiplication on n by the formula: 

{Vi, Zi) ■ {V2, Z2) = {Vx V2, Zi^ Z2 + ]^[V1, V2\) 

where Wi, t'2 G v and Zi,Z2 G z. 

It is easy to see that Heisenberg group is an H-type group. Also H-typc 
group with one-dimensional center is isomorphic to the Heisenberg group. 
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however there exist H-type groups with center of arbitrary high dimension 

m- 

On H-type group we consider vector fields Xi, . . . , Xn which form an 
orthonormal basis of v and we introduce the following operators 
Subelliptic gradient: 

Vf = {XJ,...,XJ) 

Kohn laplacian 

n 
i=l 

On Heisenberg group Hi n = 21 and 

21 I I |2 

i=l i=l 

On general H-type group we similar, but more complicated expression: 

i=l i=l i=l 

where Ja,i are vector fields corresponding to rotations. 

Length of a curve: smooth 7 : [0, 1] i-^ G is admissible if 7'(s) = 
Yl'^=i(^iis)Xi{'j{s)). If 7 is admissible, then I7I = /o^(Ej=i «i 

Distance 

d{g) = inf I7I 

where infimum is taken over all admissible 7 such that 7(0) = e and 7(1) = g. 

d is homogeneous of degree 1 with respect to the dilations 5{s), namely 
for s > 

d{5{s)g) = sd{g). 

Lemma 6.1 On H-type group Z distance d{{v,z)) depends only on \v\ and 
\z\. Moreover if v,z E Hi, \v\ = \v\, \z\ = \z\, then d{{v, z)) = d{{v, z)). 

Proof: Fix vectors V, Z & N such that \V\ = 1, \Z\ = 1, v = \v\V, 
z = \z\Z. Put X = Jziy). Since Jz is antisymmetric and J| = /, Jz is 
orthogonal, so |X| = 1. Also, for any S* G z of length 1, we have 

\{[X,YiS)\ = \{JsX,Y)\<\X\\Y\ 

so since 

{[V,X],Z) = {JzV,X) = {X,X) = |X|2 = 1 
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we have [V, X] = Z. 

Now, it is easy to see that the subgroup (in fact a subspace) of N gen- 
erated by V, X, Z is isomorphic to Hi . Consequently, using images of curves 
from Hi to join ) with {v,z) we see that d{{v,z)) < d{{{\v\,0), z)) where on 
the right hand we have distance in Hi. 

To get inequahty in the opposite direction consider quotient group N/M 
where M = {t G z : (t, Z) = 0}. It is easy to see that N/M is still an 
H-type group (note that since N/M has one dimensional center it is enough 
to check the defining property just for Jz). Hence, N/M is isomorphic to the 
Heisenberg group of appropriate dimension. For Heisenberg group our claim 
is well-known. □ 

If is known [35] that on Heisenberg group ii g = {x, z) and x ^ then d 
is smooth at g and |V(i| = 1, however when x = than d is not differentiable 
at g. 

Lemma 6.2 Let = (r, z) G TZ^ : z > 0,r > —ez. There zs e > and a 
smooth function ilj{r,z) defined on such that on each group N of H-type 



Proof: First, by Lemma 16.11 without loss of generality we may assume 
that = Hi. Also, if |xi| = \x2\ and \zi\ = \z2, then d{xi,zi) = d{x2,Z2), 
so ip is uniquely defined for r > 0. We need to show that it has smooth 
extension to A^. Since d is homogeneous, it is enough to construct smooth 
extension in a neighbourhood of a single point g = (0, 1). 

There exist a smooth geodesic (length minimizing curve) 7 joining e = 
(0,0) and g. We use length as a parametrization of 7, so 'y{d{g)) = g. For 
s < So = d{g) we have (i(7(s)) = s. 

Let 7(5) = (73,(5), 72(3)). Since square of Euclidean distance is smooth 
|72;P is smooth. We can write |7xP(s) = (s — so)^p(s) where p is smooth 
and p{sq) = 1, so |7xP(s) has a square root 0(s) = {sq — s)p^/^(s) which is 
smooth for s close to sq. Since both and 172^1 are positive square roots of 
IjxI"^ for So — e < s < So we have 



d{{x,z)) = ij{\x\, \z\). 



Moreover, drip < when r = 0. 



h.{s)\=<P{s) 



for So — e < s < so. Put 



r]{s,t) = (t0(s),t^,(s)). 
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Since 7 is admissible |7^|'(so) = so the Jacobi matrix at {s,t) = {sq, 1) is 

-10 
2 

and by the inverse function theorem r) is invertible in a neighbourhood of 
(so, 1)- So, there exist /i, /2 such that 

(r,p) = v{fi{r,p),f2{r,p)). 

We claim that ilj{r,p) = fi{r,p)f2{r,p) give us extension ofip to a neighbour- 
hood of g. Consider {x,z) close to g. Let {s,t) = {fi{\x\, z), f2{\x\, z)). We 
have 

\x\ = t(j){s) = t\-fa:{s)\ = |((5t7(s))^|, 

z = i^7z(s) = ((^t7(s))z 

so 

d{{x, z)) = d{6a{s)) = tc?(7(s)) = ts ^ /i(r, ^)/2(r, z) = ip{r, z). 

Now it remains to find sign {drip){0, z). Form equality (r,p) = ?7(/i(^,p), f2{f-iP)) 
wc sec 1 = 7]'- f. We substitute (r,p) = (0, 1) and note that this corresponds 
to (so, 1). So 

■ 1 \ = M ( ^'-^ 
01) \ 2 j'{dj 

and using first row we get 1 = — (9r/i)(0, 1), = — (9,./2)(0, 1) so 

(a,v)(o, 1) = (aji)(o, i)/2(o, 1) + /i(o, i)(aj2)(o, i) = (aji)(o, i) = -i 

□ 



Theorem 6.1 IfN is an H-type group, then there is K such that if d{g) > 1, 
then 

M<K 

where A is understood in the sense of distributions. 

Proof: Due to homogeneity, it is enough to prove the inequality only for 
g with d{g) = 1 (more precisely, in a small neighbourhood of each such g). 
Namely, ii s — d{g) > 1 then 

Ad{g) = s-'Ad{6{s)g) = s-'Ad{g). 
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Next, d{{x, z) is smooth when a; 7^ 0, so it is enough to prove the inequahty in 
a small neighbourhood of (0, 2:0) where Zq > is chosen so that (i((0, 2:0)) = 1. 
Below we give computation on Heisenberg group: 

X ■ 

d:cid{{x,z)) = dxiilj{\x\,z) = -^drip{\x\,z), 

X 

X ' 

dl.d{{x,z)) = dxi{-r-^drip{\x\, z)) 

X 

= ^d'MM,z) + {l-dM\x\,z) - ^dM\x\,z), 

\x\ \x\'^ 
2" 2n - 1 

^dl.d{{x,z)) = I I drip{\x\,z) + d^ip{\x\,z), 

X 

i=l ' ' 

{xi+ndxi - Xidx,^Jd{{x, z)) = ( ^'p^^' - -j^)drij{\x\,z) = 0, 
Ad{{x, z)) = ——dM\x\,z) + d'MHz) + L±d'Mx\,z). 

\X\ 4r 

Since is smooth the second term and third term is bounded in a neigh- 
bourhood of (0,^0) ■ Since drip{0,zo) < the first term is unbounded, but 
negative in a neighbourhood of (0, Zq), which gives the claim on Heisenberg 
group. 

On general H-type groups instead of Xi+ndxi — xidxij^^ one must handle 
the Ja,i term. However, since Ja,i generates rotations in v space and d is 
rotationally invariant again Ja,id = 0. □ 



6.1 Counterexample for homogeneous norm 

On stratified groups one may introduce a homogeneous norm, that is a 
continuous function : [0, 00) such that 0(e) = 0, (j){x) > for x ^ e 

and (f){6s{x)) = s(j){x) for s > 0. Homogeneous norms are equivalent to each 
other, if 0i and 02 are two homogeneous norms, then there is C such that 

C"Vi < 02 < C01. 

The optimal control distance d gives one example of homogeneous norm, 
but there are others. In particular, it is possible to choose homogeneous 
norm so that it is smooth for x ^ e (we will call such homogeneous norm 
smooth). Smooth homogeneous norms are convenient in many situations. 
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For smooth homogeneous norm the condition (A0)(a;) < K for 0(a;) > 1 is 
automatically satisfied. However, we are going to prove that for such norm 
|V0|(x) = for some x 7^ e, and consequently log-Sobolev inequality like the 
one for optimal control distance can not hold. 

Theorem 6.2 Let N he a stratified group, and (p be a smooth homogeneous 
norm on N. There exists x ^ e such that |V0|(x) = 0. 

Proof: Let Xi, . . . , X„ be a basis of rii. We claim that for (oi, . . . , a„) G 
- {0}, 

J]a,(X,</))(exp(J]a,X,)) > 0. (72) 
Namely, exp(t^ajXi) is a one parameter subgroup of A^, so 

5j(0(exp(t ^ttiXj)) = ai{Xi(p){exp{t ajXi)) 
However, by homogeneity 

dt{(f){exp{t^aiXi)) = (9t(t0(exp(^ OiXj)) = 0(exp(^aiXi) > 
so ([72]) holds. 

Using the Xi, . . . ,X„ basis we identify rii with R^. This identification 
gives us scalar product on rii. We extend this scalar product to a scalar 
product on n such that rij is orthogonal to nj for i ^ j. 

Let S (S) be the unit sphere in rii (in n respectively). Define mapping 
?7 : 5* 1-^ 5 by the formula r]{x) = jv0|(exp(r)) (^^^^ that we use identification 
111 = R" here). By (1721) on S |V0|(exp(x)) > so is well defined. Also, 
rj is homotopic with identity. Namely put xiYl (^i^i) = (c^i? • • • ; cin)- If ft is 
defined by the formula ft{x) = trj{x) + (1 — t)x, then for a; = ^ cbiXi we have 
{ft{x),x) > 0, so ft takes values in i?" — {0}. Consequently gt{x) = 
gives homotopy of mappings from S to S. 

If (V0)(exp(x)) 7^ on S", then 77 is homothopic to a constant. Namely, 
S contains a homeomorphic copy of n + 1 dimensional disc D having S" as a 
boundary and gives required homotopy. However, it is well known 

that identity of the sphere is not homotopic to a constant - so we reach con- 
tradiction with assumption that (V0)(exp(x)) 7^ 0. □ 
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Lemma 6.3 // / is smooth function on a stratified group N, d is optimal 
control metric on N, xq & N is fixed then 

\f{x)-f{xo)\<0{d{x,xo)). 

If additionally (V/)(a;o) = 0, then 

\f{x)-f{xo)\<0{d'{x,xo)). 

Proof. Let 7 : [0, 1] i— > be an admissible curve joining xq and x. We 
have y(s) ^J2ai(s)Xi('y{s)), so 



\f{x)-f{xo)\ 



f\{foi)'\ = f\Y,a,{s){X,f)o^\ 
Jo Jo 



< ri7'll(V/)o7|<|7| sup I (V/) 07(5)1. 

Jo sG[0,l] 

Put r = d{x, xq). If I7I < r + e, then 7(5) e B{x, r + e) and 
\f{x)-f{xo)\<ir + 6) sup |(V/)(2/)|. 

yeB{x,r+e) 

Taking £ ^ we get 

\f{x)-f{xo)\<r sup \{Vf){y)\. 

yGB{x,r) 

Since / is smooth the suprcmum is finite which gives the first claim of the 
lemma. If (V/)(a;o) = 0, then we can apply the first part to Xif and get 

sup \{Vf){y)\<Cr sup |(VV/)(y)|, 

y&B{x,r) yeB{x,r) 

\f(x)-f(xo)\<Cr' sup |(VV/)(y)| 

y&B{x,r) 

which gives the second claim. □ 



Theorem 6.3 Let N be a stratified group and (f) he a smooth homogeneous 
norm on N. For P > 0, p > 1 put iip^p = exp{—P(j)P)/ZdX, where Z is a 
normalizing factor such that /i/^^p is a probability measure. The measure [ip^p 
satisfies no LSg inequality with q e (1,2]. 
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Proof. Fix (3 > 0, p > 1, q E (1,2]. Suppose that yU^p satisfies LS^. 
We are going to show that this leads to contradiction. Let Xq be such 
that (V0)(xo) = 0. For t > put r = ^(-p+i)/^ and / = max(min((2 - 
d{x, txo))/r, 1), 0). By homogeneity and Lemma 16731 we have — 4>(txo) < 
Cir^ on B{txo,2r) = {x : d{x,txo) < 2r}, so 0(x)p — (pitxoY < C2. Conse- 
quently the exponential factor in /i/j p is comparable to a constant on support 
of/. Also |V/| < r-^ and 

/x^,p|/r^r«exp(-/?0(teon, 
/X/3,p|V/| ^r-V«exp(-/?0(teon, 

/^Ap(i/riog(i/ivApi/r) ^ / i/rt'rf/^ftp ^ t^r«exp(-/30(teon. 

-'B(ta:o,r) 

Using LSg we get 

exp(—(3(f){txoy) < Mr '^r'^ exp(— /30(txo)^) 

for large t, so 

for large t, and p < q{p — l)/2. Since p > 1 and q <2, this implies p < p—1 
which is a contradiction. □ 



7 Log Sobolev Inequalities for Heat Kernel 
on the Heisenberg Group. 

The heat kernels bound of the following form 



C|5(e,tV2)| -^v , / - |5(e,ti/2)| 



were well known since a few decades, see e.g. [19], |15] and references therein. 
While the measures corresponding to the densities on the left and right have 
nice properties and in particular satisfy Poincare and Logarithmic Sobolev 
inequality, this kind of sandwich bound does not imply similar properties 
for the measure corresponding to the density in the middle. Namely on a 
stratified groups one can write: 

C-'p{x,t/a) < ^^^-L_exp(-02(a;)/t) < Cp{x,at) 
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where C, a > 1 are constants and is a smooth homogeneous norm. In 
Theorem 16.31 we proved that the density in the middle does not satisfy Log- 
arithmic Sobolev inequahty. We give another example in the Appendix I. 

In [32] it was observed that asymptotics from [27j imply the following 
precise bound (extending [6j) on the heat kernel p (at time t = 1) on the 
three-dimensional Heisenberg group Hi. 

• (HK) 

There exists a constant L G (0, oo) such that for any x = (x, z) G Hi 
L-^ (1 + ||x||d(a;))"^ e-"^ < p{x) < L (1 + | |x| |d(a;))"^ 



Let duo = podX = e 4 d\/Z and set dfi = pdX. 

Theorem 7.1 There exist constants Ci, C2, -Di, -D2 £ (0, 00) such that 

f^{fd')<C2fi\Vf\' + D,fif 

and 

fii\f\d)<Cifi\Vf\+Difi\f\ 

Proof : Put W = ^ log(l + e| \x\\d) for some e G (0, 1) to be chosen later. 
We have 

2 ^ JdV\\x\\ + \\x\\Vd\' 
(l + £||a;||d)2 

< e \7 ' ,','7,'.xo < £^d^ + 1 



d' + \ 


\x\ 


2 


{l + e\ 


\x\\dy 



so, if e is small enough W satisfies assumptions of Theorem 12.51 
Now we observe that for e G (0, 1), we have 

(1 + \\x\\d)-^ < {1 + e\\x\\d)-^ < i(l + ||a;||rf)"^ 

This together with (HK) imply we can write /i = exp{—W — V)fio and apply 
Theorem 12.51 to get the first claim. We get the second claim using Theorem 
[221 □ 



By similar arguments as in Section 3 we obtain the following result 
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Theorem 7.2 Let dfi = pdX. There exist constants M G (0, oo) such that 



Mi,{f-ixff<ix\Vf\' (73) 

We are now ready to prove the Log-Sobolev inequality for the heat kernel 
measure. 

Theorem 7.3 There exists a constant c G (0, oo) such that on Heisenberg 
group Hn we have 

Remark: The case of Hi is proven in [32| • While our proof uses heat kernel 
estimates from [32], in [32] large part is devoted to proof of estimate ([T]) for 
heat kernel measure on Hi - using our methods we could give different proof 
for this part, but instead we work directly with Log-Sobolev inequality. 
Proof: First consider Hi. In the proof of Theorem 17.11 we wrote /i = 
e~^~^/io- Consider now /xi = = e~^dX. /ii satisfies Log-Sobolev 

inequality as a consequence of Theorem 14.11 The result for Hi follows, since 
fi is equivalent to fii. 

Now, write H^ = G/N, where G = Uti Hi, N = {((0, zi),..., (0, z„)) : 
Y^Zi = 0} and let vr be the canonical homomorfizm from G to Since 
heat kernel on Hn is an image of product of heat kernels on G = YYi=i ^i, 
and since Log-Sobolev inequality holds on product, we have 

^^H. (f log = f^G (if o nr log ^^°/^\, ) 

< C^gI V(/ O 7r)|2 = C/iG|(V/) O TTp = C/i^,JV/p. 

□ 



8 Appendix: Examples of No Spectral Gap. 

In case of measures on real line the following necessary and sufficient condi- 
tion for Poincare inequality to hold was provided by Muckenhoupt [36] ([2]) 
which in the special case of a measure dfi = pdx can be stated as follows: 
Given q G [1, oo) and ^ -|- ^ = 1 

3Cg(0,oo) /x|/-/i/r</i|/r^i?±= sup i?±(r) (74) 

rGK± 
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where 



'[0,±r 

Consider p = e~^dx/Z with U = /9|a;p(l + £COSx), defined e e (0,1) and 



B±{r) = {n{[r,±oo))Y-[l p ?) " < oo 

\^[0,±r] / 

z-^dx/Z with [/ = /9|a;|P(l + £COSx 
some /3 e (0, oo). Then, with r = 2n7r + |, we have 

(/•2ra7r+|7r \ 9 / /■2n7r+|7r 

An7r+|7r / V-'2n7r-|7r 



^-/3i|2n7r+f7r|f(l-f) / . .+^/3|2n7r-f7r|f(l+f ) / 4 



= -Trexp 



3 " I g 



/?(2n7r) 



Is A e 

' 3n' ^ 2^ ' 3n' ^ 2^ 



4 r/3(2n7r)f, 

~ -Trexp < (£ + o( — ))>^oo as n — > oo 

3 I 9 n } 

Alternatively one can study lower bound asymptotic for B± thinking oiU — 
y + 5y as a perturbation olV = I3\x\^ as follows. We notice that by Jensen 
inequality 

, , , , r 1 rSVe-^dx p C5Ve+^dx 

B^ir, U) > B4r, V) exp [--/-J^^ + f ^^T^ 

Hence one can use a procedure based essentially on integration by parts to 
study the integrals in the exponential. For example in case p = 2 one gets 
the following an asymptotic lower bound 

B+{r,U) > B+{r,V) exp{-per cosr + 0{1)} 

We summarise our considerations in the above as follows 

Proposition 8.1 Suppose p >1. In any neighbourhood 

with arbitrary 5 G (0, 1) and some C E (1, cxo), of a m,easure dfiQ = ^ '^^ 
satisfying the Poincare inequality there is a measure dp = pdx for which this 
inequality fails. o 

The example provided above illustrates similar phenomenon for other coer- 
cive inequalities. 
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